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Alargeclassoftwo-dimensionaltopologicalconformalfieldthe-
ories(TCFTs)areobtainedbythetwistingconstructionofWit-
tenandEguchi–Yang.HoweverthereseemtoexistTCFTs
whicharenotobtainedinthisway;forinstance,TCFTsob-
tainedfromtheKazamaalgebraandcriticalstringtheories
withgenericbackground.Wewillshowthatbyembeddingthe
criticalbosonicstringintotheNSRstring,itsTCFTcanin-
deedbeobtainedbytwistingaN=2SCFT.Acloserlookat
theconstructionoftheN=2superconformalalgebrawillshow
thattheembeddingisnotessential,andthiswilltellushow
togeneralisethistootherstringtheories.Wethusconclude
withthenaturalconjecturethatallTCFTshaveadescription
astopologicallytwistedN=2SCFTs.
Introduction
Thereseemstobeatraditioninthescientificliteraturethatwhenever
thetitleofapaper—oratalkforthatmatter—isintheformofa“yes-no”
question,thepaperortalkinvariablyconcludesbyansweringthequestionin
thenegative.Alas,Iwillnotquitebreakthistradition,butneithershallI
followit.Instead,Ihopethatbytheendofthistalk,Imanagetoconvince
youthattheanswertothequestionposedinthetitleisprobably“Yes.”
Tounderstandwhatthisquestionmeans,weneedtogetafewconcepts
straight.IwillbeverybriefbecauseintheSummerSchoolwehavejustheard
twobeautifulseriesoftalksbyGreeneandBershadskywhichcontainedquite
alotaboutN=2superconformalfieldtheories(SCFTs)andabouttopological
conformalfieldtheories(TCFTs),respectively.
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WhatisaTCFT?
Weshallnotbeveryprecise,butsimplylistsomethegrossfeaturesof
anytwo-dimensionalTCFT.Wewillonlytreattheholomorphicsector.For
thepurposesofthistalk,aTCFTwillmeanaconformalfieldtheorywiththe
followingproperties:
•theenergy-momentumtensor 
top
(z)haszerocentralchargeandL0acts
diagonally;
•thereexistsafermioniccurrent
+
(z),calledtheBRSTcurrent,whose
zero-modeQ=∮+(z)obeysQ2=0;
•thereexistsafermionicfield−(z),suchthat top(z)=[Q,−(z)];and
•thereexistsabosoniccurrent(z),whosechargeq=∮(z)actsdiagonally
andissuchthat±(z)hascharge±1.
ThespaceofstatesoftheTCFTisthentheBRSTcohomologyH•(Q),
whichisgradedbytheeigenvaluesofthechargeq.Becausetheenergy-
momentumtensor 
top
(z)isBRSTexact,allcorrelationfunctionsofBRST-
invariantfieldswith 
top
(z)insertionsareidenticallyzero.Suchcorrelation
functionsarethereforetopologicalinvariants.Inparticular,since 
top
(z)gen-
eratestranslations,correlationfunctionsofBRSTinvariantfieldsareposition
independent.ThecohomologyH•(Q)thereforeinheritssomealgebraicstruc-
turefromtheCFTwhichbegotit:fromthenormal-orderedproduct(orequiva-
lentlyfromthethree-pointfunction)itinheritsasupercommutativeassociative
multiplication,andfromthetwo-pointfunctionitinheritsaninvariantmetric.
ThismakesH•(Q)intoaFrobenius(super)algebra.Thisisnotall,however,
andinallknownexamples,H•(Q)hassomeadditionalstructuremakinginto
aBatalin-Vilkovisky(BV)algebra.Thisadditionalstructureconsistsofa
fermionicoperation∆:H•→H•−1,inducedfromthezeromodeof−(z),
obeying∆
2
=0.Byawell-knownprocedure[1],∆allowsustodefineon
H•(Q)aGerstenhaberbracket.
Beforeturningtosomeexamples,werecordadefinition.Forthepresent
purposes,wewillsaythattwoTCFTsareequivalentiftheygiveriseto
isomorphicBValgebras.
TopologicallytwistedN=2SCFTs
Despitethesuggestivenotation,thedefinitionofaTCFTdoesnotimply
that 
top
(z),±(z),and(z)shouldactuallyobeytheOPEsofatopologically
twistedN=2superconformalalgebra;althoughthisisinfactthemostcommon
example.
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TheN=2superconformalalgebraisgeneratedbyfields (z),±(z),and
(z)subjecttothefollowingOPEs:
±(z)±(w)=reg

+
(z)−(w)=d
(z−w)3+
(w)
(z−w)2+
 (w)+
1
2
(w)
z−w
+reg
(z)±(w)=±±(w)
z−w
+reg
(1)
TheremainingOPEsfollowasaconsequenceoftheassociativityoftheoperator
productexpansion[2]andsincetheyarestandardwewillnotwritethemhere.
GiventheaboveN=2superconformalalgebrawecanconstructaTCFT
inoneoftwoways,knownastwisting[3].Weshallbefocusingfordefiniteness
ontheTCFTdefinedby 
top
(z)= (z)+
1
2∂(z).ThenH•(Q)isnothingbut
thechiralringoftheN=2SCFT,whichhasaBVoperator∆inducedfrom
thezeromodeof−(z).WewillcallaTCFTobtainedinthiswayanN=2
TCFT.
ThesimplestexampleofanN=2TCFTisthefollowing:takeafermionic
BCsystem(b,c)ofweights(λ,1−λ)andabosonicBCsystem(β,γ)ofthe
sameweights.WetakeasdefiningOPEs:
β(z)γ(w)=
1
z−w
b(z)c(w)=
1
z−w
.
Outofthesefieldswecanmakethefollowingcompositefields:

+
K=bγ
−
K=λ∂cβ+(λ−1)c∂β

K=(1−λ)bc+λβγ
 
top
K=λ(β∂γ−b∂c)+(λ−1)(∂βγ−∂bc),
(2)
whichsatisfyatopologicallytwistedN=2SCFT.ThereasonwhyIsaythis
isthesimplestTCFTisthatthechiralringofthistheoryisgeneratedbythe
identity,afactthatfollowsfromtheKugo-Ojimaquartetmechanism—after
makingachoiceof“picture”ofthe(β,γ)system.ThesubscriptKisshort
for“Koszul–Kugo–Ojima,”andwewillcallsuchaTCFTaKKOTCFT,for
short.
Letusnowrecordasimplefact,whichwillbeofuselater:if( 
top
,±,)
and(
top′,±′,
′)defineTCFTs,whichneednotcomefromtwistingN=2
SCFTs,thecombinations( 
top
+ 
top′,±+±′,
+′)defineaTCFT,which
wecallthetensorproductoftheoriginalTCFTs.Inparticular,tensoringbya
KKOTCFTyieldsaTCFTwhichisequivalenttotheoriginalTCFT.Inother
words,wemaythinkoftheKKOTCFTastheidentityundertheoperationof
takingtensorproductinthespaceof(equivalenceclassesof)TCFTs.
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TCFTsnotdefinedbytwistingN=2SCFTs
TheabovedefinitionofaTCFTseemstoallowformoregeneralalgebraic
structuresthantheonesaffordedbyanN=2SCFT.Wewillnowbrieflyreview
twoofthem.
ThesearchformoregeneralalgebraicstructuresunderlyingTCFTsled
Kazama[4]todefineageneralisationoftheN=2superconformalalgebra,
whichtwiststogiverisetoaTCFT.Thisalgebraisgeneratedbyfields (z),
±(z),(z),Φ(z),and(z)subjecttothefollowingOPEs:

+
(z)
+
(w)=reg

+
(z)−(w)=d
(z−w)3+
(w)
(z−w)2+
 (w)+
1
2
(w)
z−w
+reg
(z)±(w)=±±(w)
z−w
+reg
−(z)−(w)=−2(w)
z−w
+reg

+
(z)Φ(w)=
(w)
z−w
+reg
(z)Φ(w)=−3Φ(w)
z−w
+reg.
(3)
AsintheN=2superconformalalgebra,therearemorenonzeroOPEsbutthey
areuniquelycharacterisedbythese[5].WecallthisalgebraaKazamaalgebra.
Ifwetwist 
top
(z)= (z)+
1
2∂(z),thenwehaveaTCFT.
TheKazamaalgebraappearsnaturallyinthecontextoftheG/Ggauged
WZWmodel[6]and,moregenerally,thereexistsaconstructionintermsof
Maninpairs[5].NoticethatifweputΦ(z)=(z)=0,thentheKazama
algebrareducestoanN=2superconformalalgebra;butfornonvanishingΦ(z)
and(z),theKazamaalgebraseemstogiverisetonovelTCFTs.
AnotherclassofTCFTswhicharenotdefinedbytwistingN=2SCFTs
arestringtheories.Wewillconsider,asanexample,thebosonicstringwith
backgroundanarbitrayCFTdefinedbyanenergy-momentumtensorTM(z)
withcentralchargecM=26,andwithfermionicghosts(b,c)ofweights(2,−1).
TherelevantcompositefieldsdefiningtheTCFTofthebosonicstringare

+
N=0=TMc+bc∂c
−
N=0=b

N=0=−bc
 
top
N=0=TM−2b∂c−∂bc,
(4)
NoticethattheOPEoftheBRSTcurrent
+
N=0(z)withitselfisnotregular.
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SincetheBRSTcurrentisdefinedonlyuptoatotalderivative,onemaytry
to“improve”ittocancelthesingularpartoftheOPE;butitiseasilyshown
thatwiththefieldsthatwehaveavailable(TM,c,b)thisisimpossible.Hence
theresultingTCFTdoesnotseemtobeaN=2TCFT.Ofcourse,forspecial
TM(z)—forexampleinthecaseofthenoncriticalstrings,whenTM(z)hasa
Liouvillepart—theremaybewaystoimprovetheBRSTcurrentandtheU(1)
current(z)tomakeaN=2superconformalalgebra,aswasfoundin[7];but
thisisnotthecaseforageneralbackground.Similarconclusionsholdforother
stringtheories:NSR,W3,...
Thesetwoexamplestemptustoconclude,atleastnaively,thatthereare
TCFTswhichdonotcomefromtwistingN=2SCFTs.
Stringembeddings
Thefirsthintthattheaboveconclusionmaybemisleadingcomesfromthe
well-knownstringembeddingofthebosonicstringintheNSRstring[8];which
showsthatthesameTCFT(inthiscasethebosonicstring)maybedescribed
bymorethanoneconformalfieldtheory.Letusreviewthisbriefly.
Let(TM,cM=26)beabosonicstringbackground,andlet(b˜,c˜)bea
fermionicBCsystemofweights(
3
2,−
1
2).Outofthesefieldswecanconstruct
thefollowingcompositefields:
TN=1=TM−
3
2b˜∂c˜−
1
2∂b˜c˜+
1
2∂
2
(c˜∂c˜)
GN=1=b˜+TMc˜+b˜c˜∂c˜+
5
2∂
2
c˜
(5)
whichobeyanN=1superconformalalgebrawithcentralchargec=15.This
makes(TN=1,GN=1)intoanNSRstringbackground,albeitofaveryspecial
kind.ToanalysetheTCFTarisingfromthisNSRstringweintroducethe
superconformalghostsystems:afermionic(b,c)systemofconformalweights
(2,−1)andabosonic(β,γ)systemofweights(
3
2,−
1
2).Wecannowwritedown
thegenerators( 
top
,±,)whichcharacterisetheTCFTresultingfromthis
NSRstring.Normallywewouldnotexpecttobeabletoimprovethesefields
tomakethemobeyanN=2superconformalalgebra,butbecauseoftheform
ofthisNSRstringbackground,thisisindeedpossible.Infact,letusdefine

+
N=1=cTN=1+γGN=1−b∂cc−bγ
2
+bβ∂γ−
1
2∂cβγ+∂X
−
N=1=b

N=1=−bc+
1
2βγ+
1
2b˜c˜+c˜bγ+
1
2∂c˜c˜βγ−
1
4∂
2
c˜c˜(6)
 
top
N=1=TN=1−2b∂c−∂bc+
3
2β∂γ+
1
2∂βγ,
where
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X=
1
2b˜cc˜+
1
2∂c−
1
2βc˜c∂c˜γ+
1
2c˜βγ
2
−bcγc˜−∂c˜γ−
1
4cc˜∂
2
c˜.
ItisnothardtoprovethattheabovefieldsdefineatopologicallytwistedN=2
TCFT.SincetheTCFTresultingfromthisNSRstringisequivalenttothe
oneresultingfromthebosonicstringdefinedbyTM(z),weconcludethatany
bosonicstringisequivalent(asaTCFT)tooneresultingfromtwistinganN=2
SCFT.
Amorenaturalinterpretation
Asamatteroffact,theembeddingofthebosonicstringintheNSRstring
isnotreallynecessarytounderstandwhatisactuallyhappeninghere.Indeed,
letusconsiderthefollowingcurrent:
=−c˜bγ−c˜c∂β+
3
2c˜∂cβ+
1
2c˜∂c˜bc−
1
4c˜∂c˜βγ(7)
withzeromodeR=∮(z).ItturnsoutthatRisad-nilpotent,sothatwe
mayconjugatebyit.Doingsowefind:
e
R

+
N=1e−R=cTM+bc∂c+b˜γ+∂Y
e
R
−
N=1e−R=b+1
2c˜∂β+
3
2∂c˜β
e
R

N=1e−R=−bc+12βγ+12b˜c˜+∂(cc˜β)(8)
e
R
 
top
N=1e−R=TM−2b∂c−∂bc+32(β∂γ−b˜∂c˜)+12(∂βγ−∂b˜c˜),
where
Y=b˜cc˜+cβγ−βc˜c∂c+
3
2∂c.
SinceconjugationisanautomorphismoftheOPEs,theabovefieldsstillsatisfy
atwistedN=2superconformalalgebra.
NoticethattheaboveexpressionsfortheN=2generatorsarereminiscent
ofthetensorofproductoftwoTCFTs:thebosonicstringwithbackground
TM(z)andaKKOTCFTwithfields(b˜,c˜,β,γ)withλ=
3
2.Indeed,wesee
thate
R
−
N=1e−RandeR top
N=1e−Rarepreciselythetensorproductexpressions,
wherease
R

+
N=1e−Risan“improvement”ofthetensorproductexpressionby
atotalderivative,whichdoesnotalterthezeromode.Finally,e
R

N=1e−R
hasbeendeformedthemost:being“improved”notjustbyatotalderivative,
butalsobyatermb˜c˜−βγ.ThefactthattheKKOTCFTbywhichwe
tensorhasweight
3
2istheonlyremnantoftheembeddingofthebosonicstring
intotheNSRstring.Butinfact,eventhisisinessential,andwecantensor
thebosonicstringbyaKKOTCFTofarbitraryweightandrecoveratwisted
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N=2superconformalalgebra.Indeed,therelevantN=2generatorsarenow
givenby

+
=
+
N=0+
+
K+∂Y
−=−
N=0+−
K
=N=0+K+(b˜c˜−βγ)+∂(cc˜β)
 
top
= 
top
N=0+ 
top
K,
(9)
whereY(z)isthesamefielddefinedaboveandwherethegeneratorsofthe
KKOTCFTcanbereadofffrom(2)mutatismutandisandthoseforthe
bosonicstringfrom(4).
Conclusion
ThisinterpretationoftheN=2generatorsnowmakesnoreferencetothe
embeddingofthebosonicstringintotheNSRstring,andthereforehasmore
hopestogeneralise.Infact,itdoes;andonecanshowthattensoringtheNSR
stringandtheW3stringbyaKKOTCFTallowsustoconstructanN=2
superconformalalgebrawhosechiralringisisomorphicasaBValgebrato
thecorrespondingstringtheory.(Theseresultswillappearelsewhere.)Forthe
Kazamaalgebra,thisfactfollowsfromformulasobtainedin[5]intheprocessof
couplingtheKazamaalgebratotopologicalgravity—therelevantKKOtheory
beingthesemi-infiniteWeilcomplexoftheVirasoroalgebra,inthiscase.
TheseresultsessentiallytakecareofalltheTCFTsIknow,whencein
theabsenceofcounterexamples,Idareconcludethistalkwiththefollowing
conjecture:
EveryTCFTisequivalenttoanN=2TCFT
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